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Abstract
We present a manifestly T-dual formulation of curved spaces such as an AdS space.
For group manifolds related by the orthogonal vielbein fields the three formH = dB in the
doubled space is universal at least locally. We construct an affine nondegenerate doubled
bosonic AdS algebra to define the AdS space with the Ramond-Ramond flux. The non-
zero commutator of the left and right momenta leads to that the left momentum is in an
AdS space while the right momentum is in a dS space. Dimensional reduction constraints
and the physical AdS algebra are shown to preserve all the doubled coordinates.
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1 Introduction and conclusions
T-duality is one of the most characteristic features of string theories. The T-duality
symmetry exists in its low energy effective theory described by the massless modes. Such
a stringy gravity theory is a theory of the gravitational field Gmn, the Bmn field and the
dilaton field. The general coordinate transformation is generalized in a T-duality covariant
way. It is shown to be generated by the zero mode of the affine nondegenerate doubled
Lie algebra [1]. This manifestly T-dual formulation is the procedure to construct gravity
theories and it is being developed in [2]-[7]. The procedure contains roughly two steps:
doubling the d-dimensional coordinates to manifest the O(d,d) T-duality symmetry and
imposing constraints to reduce a half of the doubled coordinates preserving the T-duality
symmetry. For a flat space the procedure is straightforward, however for curved spaces it
becomes nontrivial.
T-duality along a non-abelian isometry had been proposed [8] and non-abelian T-
duality in AdS spaces has been investigated in for example [9, 10], in which there remain
many interesting problems to solve. Recently the equivalence between the integrable
deformation of the AdS superstring and the non-abelian T-duality was proposed in [11]
and has been developed in [12]. It was shown that the nonlocal charges of a string are
equal to the Noether charges of a string in the T-dualized space for a flat space and the pp-
wave space [13] which gives a relation between the integrability and the abelian T-duality.
The superstring in the AdS5×S5 space has integrability [14], and the nonlocal charges
generate the Yangian algebra as shown in [15] based on the Hamiltonian formulation of
the AdS string [16]. In order to clarify the features of the non-abelian T-duality and its
integrability the manifestly T-dual formulation of AdS space will be useful as the doubled
space analysis. The superspace approach to the AdS space with manifestly T-duality is
presented in [17] based on the super-AdS algebra in [5].
The double field theory on group manifolds has been studied in [18]. Our formulation
is different from theirs in the following points, though it has some overlap:
• Vielbein fields are used to express the scalar curvature of the stringy gravity theory
rather than the generalized metric. This is necessary to couple spacetime fermions.
• First class constraints are used to reduce a half of the doubled coordinates rather
than the gauge fixing condition for the section constraint. This preserves the T-
duality covariant local symmetry.
• The Wess-Zumino term in the worldsheet action is also doubled in order to give both
the covariant derivative currents and the symmetry generator currents for both the
left and right modes. The usual Wess-Zumino-Witten procedure gives the covariant
derivative current for the right mode and the symmetry generator current for the
left mode. This is necessary to describe N=2 supersymmetric theories.
The manifestly T-dual formulation is a gauge theoretical formulation of the stringy
gravity: The gauge theory is a theory of the gauge field Am
I with a gauge group gener-
ated by GI . The covariant derivative ∇m is an essential operator which gives the gauge
transformation rule, and its commutator gives the field strength Fmn
I
pm =
1
i
∂m → ∇m = pm + AmIGI
1
δλ∇m = i[Λ,∇m] , Λ = λIGI ⇒ δλAm = −∂mλ
i[∇m,∇n] = FmnIGI . (1.1)
The gravity theory is a gauge theory of the vielbein ea
m [19]. The covariant derivative
∇a gives the general coordinate transformation rule as
pm → ∇a = eampm
δλ∇a = i[Λ,∇a] , Λ = λmpm ⇒ δλeam = Lλeam = λn∂neam − ean∂nλm . (1.2)
In order to obtain the curvature tensor the Lorentz generator smn must be taken into
account as the generator. The covariant derivative includes the Lorentz connection ωa
mn
and its commutator gives the Riemannian curvature tensor Rab
cd as
∇a = eampm + 12ωamnsmn , i[∇a,∇b] = Tabc∇c + 12Rabcdscd , (1.3)
where the torsion constraint Tab
c = 0 relates ea
m and ωa
mn. This is extended to the stringy
gravity by doubling the momentum including the winding mode as pm → (pm(σ), ∂σxm(σ))
[1]. The stringy gravity is a gauge theory of the doubled vielbein field ea
m ∈O(d,d)/O(d-
1,1)2 with the doubled indices m = (m,
m) and a. ea
m is considered as a function of xm
here, although it will be considered as a function of the doubled coordinates later. The
stringy covariant derivative ⊲a(σ) gives the gauge transformation rule δλeam as
pm →∇a → ⊲a(σ) = eampm + eam∂σxm
δλ⊲a(σ) = i[Λ,⊲a(σ)] , Λ =
∫
dσ (λmpm + λm∂σx
m) . (1.4)
If ea
m is written in terms of Gmn and Bmn with the doubled Minkowski metric ηˆ
ab, then
the T-duality covariantized general coordinate transformation is given by
ea
mηˆabeb
n =
(
Gmn GmlBln
−BmlGln Gmn −BmlGlkBkn
)
⇒
{
δλGmn = LλGmn
δλBmn = LλBmn − ∂[mλn]
(1.5)
The curvature tensors are obtained by taking into account the Lorentz generator. The left
and right Lorentz generators Smn = (Smn, Sm′n′) are introduced in the left and right basis,
Pm = (Pm, Pm′) wtih Pm = (pm+∂σx
m)/
√
2, Pm′ = (pm−∂σxm)/
√
2 in the unitary gauge.
The consistency of the “affine” Lie algebra requires the nondegeneracy of the group metric.
The resultant algebra is the affine nondegenerate doubled Poincare´ algebra generated by
⊲M(σ) = (Smn, Pm, Σmn) where Σmn is necessary for the nondegeneracy. The stringy
covariant derivative ⊲A includes the doubled vielbein EAM , and its commutator becomes
⊲A = EAM⊲M , i[⊲A,⊲B] = TABC⊲C (1.6)
where the curvature tensors are included in the torsions as TPP
S.
In this paper we extend this manifestly T-dual formulation in the asymptotically flat
space [1], [3]-[7] to curved spaces such as an AdS space. It is interesting and important to
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discuss supersymmetric case. However we restrict bosonic algebra in this paper leaving
the supersymmetric case for future works. Our main result is the affine nondegenerate
doubled bosonic AdS algebra (5.18)-(5.23) which defines the AdS space with manifest
T-duality and generates the T-duality covariant general coordinate transformation.
The results are based on the following observations which we found in this paper:
• Local universality of the three form H = dB in the doubled space
For curved spaces described by Lie algebras the three form H = dB in the doubled
space is universal at least locally. The doubled space three form of a group manifold
is given by H = 1
3!
JI ∧JJ ∧JKfIJK with the left-invariant current JI , the structure
constant fIJK = fIJ
LηLK and the nondegenerate group metric ηIJ . Doubled indices
run over the left and right indices I = (I, I′). The doubled space three form H is
the sum of fluxes chained by T-duality, HIJK → fIJK → QIJK → RIJK in the base
of (pm, ∂σx
m) as I = (I,
I). The flat space operators are denoted with “ ”. The
stringy covariant derivatives in curved and flat spaces are by the vielbein EI
M . We
show that the doubled space three form H in curved and flat spaces are the same
⊲I = EIM⊲M , EIMEJNηMN = ηIJ → H = H . (1.7)
The gauge transformation of B field is also recognized as a T-duality rotation. The
dilaton factor may play a role for a different value of the doubled space three form.
The doubled flat space is described by the cosest group G/H where G is the nonde-
generate doubled Poincare´ group and H is the doubled Lorentz group× (dimensional
reduction constraint) [6]. The doubled space three form H = dB in the flat space
belongs to a trivial class of the Chevalley-Eilenberg (CE) cohomology [20] of the
cosest G/H. We have shown that BIJ in the doubled flat space is constant, so the
Wess-Zumino term B = BIJJ
I ∧ JJ is bilinears of the left-invariatn currents [6, 7].
For the nondegenerate doubled AdS coset group, the three form
◦
H is closed, d
◦
H = 0,
but it belongs to a nontrivial class of the CE cohomology. The supersymmetry will
change the situation as the supr-AdS group in the non-doubled space [21].
• Spontaneous symmetry breaking by the Ramond-Ramond flux
When the Ramond-Ramond (RR) flux has a non-zero vacuum expectation value,
〈0|F αβ′
RR
|0〉 6= 0, the Lorentz symmetry is broken; the full Lorentz symmetry is broken
into its subgroup and the left and right Lorentz symmetries in the doubled space are
broken into a linear combination of them. It is natural to expect non-zero commuta-
tor of the left and right momenta pa and pa′ as well as the non-zero anticommutator
of the left and right supercovariant derivatives. We found that the nondegenerate
doubled bosonic AdS algebra includes
[pa, pb] = i(
1
rAdS2
sab + σab) , [pa′ , pb′] = i(
1
rAdS2
sa′b′ + σa′b′)
[pa, pb′] = i(
1
rAdS2
sab′ + σab′) (1.8)
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where sab’s and σ
ab’s are nondegenerate partners. rAdS is the AdS radius. The
momentum pa is a d-dimensional vector and the doubled momentum must be a
SO(d,d) vector. Therefore the third equation in (1.8) leads to that the left and
right momenta are embedded in SO(d,d+1). The left moving momentum is in an
AdS space while the right moving momentum is forced to be in a dS space. This
phenomena is similar to the point discussed in [9]. Now the doubled Lorentz group
is SO(d,d) instead of SO(d−1,1)×SO(1,d−1). Similarly the d-dimensional sphere is
described by the coset SO(d+1,d)/SO(d,d) in the doubled space.
The RR flux of the AdS5×S5 in the type IIB superstring theory breaks the SO(9,1)
Lorentz symmetry into SO(4,1)×SO(5). Naive doubling of the Lorentz subgroup
does not give the correct number of degrees of freedom of Gmn and Bmn. The
number of dimensions of the naive coset, O(10,10)/[SO(4,1)×SO(1,4)×SO(5)2 ] is
not 102. We solve this puzzle; now the doubled Lorentz group is O(5,5)2 so the
coset becomes O(10,10)/SO(5,5)2 whose number of dimensions coincides with the
number of degrees of freedom of Gmn and Bmn.
• Nondegenerate non-abelian group
A general method to construct a nondegenerate group is the followings: Copy the
subgroup H0 of a coset group G/H0 to H1 and take the direct product: G→G×H1
[22]. Make subgroups by the semidirect product of H and Hˇ from H0 and H1,
H0×H1 → H ⋉Hˇ, where H is generated by the vector type currents and Hˇ is gener-
ated by the axial vector type currents. Then the nondegenerate group metric for H
and Hˇ is introduced as
G → G× H1 (1.9)
H0 → H0 × H1 → H⋉ Hˇ, with tr(hhˇ) = ηhhˇ, h, hˇ ∈ Lie algebras of H, Hˇ .
H and Hˇ correspond to the Lorentz group and its nondegenerate partner.
• Dimensional reduction constraints for nondegenerate partners
These dimensions of nondegenerate partners are unphysical and reduced by impos-
ing dimensional reduction constraints. For an element a of a group A the covari-
ant derivative and the symmetry generator are calculated from a−1da and (da)a−1
respectively. We denote a group A which is generated by the covariant deriva-
tive and A˜ which is generated by the symmetry generator. A×A˜ acts on a by
a→ c˜ab−1, b ∈A and c˜ ∈ A˜. The nondegenerate coset group is obtained from
(1.9) as G/H0 →G×H1/H⋉Hˇ. However H and Hˇ can not be imposed as first class
constarints because of the Schwinger term for the nondegeneracy. Instead H and
˜ˇH can be imposed as first class constraints, since the covariant derivative and the
symmetry generator commute. So the obtained coset is
G
H0
nondegenerate−→ G× H1
H× ˜ˇH
(1.10)
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The d-dimensional AdS space is described in the doubled space with nondegeneracy
as ;
SO(d− 1, 2)
SO(d− 1, 1)
double−→ SO(d, d + 1)
SO(d, d)0
nondegenerate−→ SO(d, d + 1)× SO(d, d)1
SO(d, d)× ˜ˇSO(d, d)
(1.11)
Similarly the d-dimensional sphere is described in the doubled space with nonde-
generacy as;
SO(d + 1)
SO(d)
double−→ SO(d + 1, d)
SO(d, d)0
nondegenerate−→ SO(d + 1, d)× SO(d, d)1
SO(d, d)× ˜ˇSO(d, d)
(1.12)
For a special case of AdS5×S5 we find that the group structure of the bosonic part
is
SO(5, 6)× SO(5, 5)1
SO(5, 5)× ˜ˇSO(5, 5)
× SO(6, 5)× SO(5, 5)1
SO(5, 5)× ˜ˇSO(5, 5)
. (1.13)
• Dimensional reduction constraints for doubled momenta
A half of the doubled momenta is reduced by the dimensional reduction constraint,
φa = P˜a − P˜a′δaa′ = 0. The symmetry generators of the affine algebras are P˜ for
momentum and S˜ for Lorentz generator. The physical AdS algebra is genereted by
the physical momentum P˜total;a and the physical Lorentz generator S˜total;ab without
gauge fixing for a half coordinates;
P˜total;a = P˜a + P˜a′δa
a′ + · · · , S˜total;ab = S˜ab − S˜a′b′δaa′δbb′ + · · ·
[
∫
P˜total;a,
∫
P˜total;b] =
i
rAdS2
∫
S˜total;ab (1.14)
where · · · includes first class constraints and the left-right mixing term. The equation
(1.14) is the expected physical AdS algebra.
The organization of the paper is the following. In section 2 we explain the procedure
of the manifestly T-dual formulation. Notations are listed there. The general method to
construct a nondegenerate Lie algebra and to double the Lie group is presented. Then
affine extension of the obtained Lie algebra is performed. The equation on the B field is
obtained. The computation of the zero mode of the affine Lie algebra is demonstrated. In
section 3 the manifestly T-dual formulation of the flat space is reviewed. The B field is
constant where the dilatation operator plays a role. The relation between the dimensional
reduction constraints and the section condition is explained. In section 4 the manifestly
T-dual formulation of curved spaces is presented. After examining the relation between
the flat covaiant derivative and the curved space covariant derivatives of group manifolds,
the B field and the three form H = dB are obtained. In section 5 the manifestly T-dual
formulation of an AdS space is presented. It is explained that the RR flux naturally gives
the left and right mixing Lorentz generators. The nondegenerate doubled AdS algebra is
obtained, then affine extension is performed. The dimensional reduction constraints and
the physical AdS algebra are obtained with manifest T-duality.
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2 Manifestly T-dual formulation
At first we explain the procedure of the manifestly T-dual formulation. List of notations is
also in subsection 2.1. In subsection 2.2.1 the general method to construct a nondegenerate
Lie algebra is presented. In subsection 2.2.2 it is shown that doubled coordinates are
convenient to describe the closed string mechanics and doubling the whole group gives
simpler treatment of the system. In subsection 2.3 we extend the obtained nondegenerate
doubled Lie algebra to affine Lie algebras generated by the string covariant derivative
⊲I and the string symmetry generator ⊲˜I . The B field appears in the string covaiant
derivatives ⊲I as the relative coefficient of the particle covariant derivative ∇I and the
σ component of the left-invariant current J1
I . The affine Lie algebra gives the equation
on the B field. The space with manifest T-duality is defined by the affine Lie algebra
generated by the string covariant derivative. The gauge symmetry of the space is generated
by the affine Lie derivative. The computation of the zero mode of the affine Lie algebra
is demonstrated.
2.1 Procedure and notations
In this subsection we present the manifestly T-dual formulation and notations proposed
in [5]-[7] based on [1]-[4]. The procedure is the following:
1. Extend a Lie algebra to an affine doubled algebra.
Begin with a Lie algebra and extend it in such a way that the nondegenerate group
metric can be defined in order to construct an affine Lie algebra consistently. Double
the whole algebra in order to make T-duality symmetry manifest. Perform affine
extension of the Lie algebra which include the nondegenerate group metric as the
coefficient of the Schwinger term.
2. Construct the covariant derivative and the symmetry generator for a string action
with manifestly T-duality.
There are two kinds of affine Lie algebras generated by the covariant derivative
⊲I and the symmetry generator ⊲˜I . The covariant derivative defines the space
which has the T-duality covariant diffeomorphism. The symmetry generator makes
dimensional reduction constraints and the physical symmetry algebra.
3. Make the curved space covariant derivative for a gravity theory with manifestly
T-duality.
The covariant derivative in a curved space is obtained by multiplying the vielbein
field EA
I on the asymptotic space covariant derivative ⊲I as ⊲A = EAI⊲I . The
commutator of the curved space covariant deriatives gives the torsion. Curvature
tensors are included in torsions in this formalism.
4. Reduce unphysical dimensions.
A half of the doubled coordinates is reduced by dimensional reduction constraint.
The auxiliary dimensions introduced for the nondegeneracy are also reduced by
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the dimensional reduction constraints. Since dimensional reduction constraints are
written in terms of the symmetry generators, the local structure determined by the
covariant derivative is still preserved so the T-duality is manifest.
Notations of covariant derivatives and symmetry generators are summarized as below.
Covariant derivatives :
space
Lie algebra
structure const. (torsion) → particle → string
GI , fIJK ∇I ⊲I
Poincare´ GM , fMNL ∇M ⊲M↓
Curved (TABC) ∇A = EAM∇M ⊲A = EAM⊲M
AdS GA,
◦
fABC
◦
∇A
◦
⊲A↓
Curved (TMNL) ∇M = EMA
◦
∇A ⊲M = EMA
◦
⊲A
(2.1)
In curved backgrounds covariant derivatives couple to gravitational fields, EA
I , and the
commutator of the covariant derivatives gives torsions, TIJK . The factorization of the
vielbein, ⊲A = EAI⊲I , is a general feature of a string theory explained in section 2.2.2.
Symmetry generators :
space Lie algebrastructure constant → particle → string
GI , fIJK ∇˜I ⊲˜I
Poincare´ GM , fMNL ∇˜M ⊲˜M↓
Curved − −
AdS GA,
◦
fABC
◦
∇˜A
◦
⊲˜A↓
Curved − −
(2.2)
In curved backgrounds symmetry generators do not have to generate any global symmetry
algebra in general.
2.2 Nondegenerate doubled Lie algebra
For affine extension of a Lie algebra the consistency requires the existence of the nonde-
generate group metric ηIJ and the totally antisymmetric structure constant with lowered
indices fIJK = fIJ
LηLK = f[IJK]/3!. In subsection 2.2.1 we present a general method
to construct a nondegenerate non-abelian group. In subsection 2.2.2 after reviewing the
string sigma model we double the whole group in order to construct both the covariant
derivatives and the symmetry generators for both the left and right modes.
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2.2.1 Nondegenerate Lie algebra
We consider the space governed by the affine Lie algebra. The consistency of the affine
Lie algebra requires the existence of the nondegenerate group metric in the space. This
nondegenerate group metric is different from the Killing metric of the Lorentz group.
The nondegenerate group metric is used to define the σ-diffeomorphism generator in the
string worldsheet Hσ, so ηPP must be nonzero. For the Poincare´ group the canonical
dimensions of the momentum and the Lorentz generator are 1 and 0 respectively. A
nondegenerate partner of the Lorentz generator has the canonical dimension 2, so that
the sum of canonical dimensions of a nondegenerate pair is 2. For the manifest covariance
including the curvature tensors the Lorentz generator must be involved.
At first we present the general method to make a non-abelian group to be nondegen-
erate for a symmetric space given by a coset group G/H.
1. For a coset group G/H0 a subgroup H0 corresponds to the Lorentz group generated
by h0 and G/H0 is generated by k. They satisfy the following algebra,
[h0, h0] = h0 , [h0, k] = k , [k, k] = h0 . (2.3)
2. Introduce another copy of the subgroup H1 [22] in order to make G×H1 to be
nondegenerate. H1 is generated by h1,
[h1, h1] = h1 . (2.4)
3. Make nondegenerate pair h and hˇ by linear combinations of h0 and h1 as

h0 + h1 = h
h0 − h1 = hˇ
k → k/√2
⇒
{
[h, h] = h , [h, hˇ] = hˇ , [hˇ, hˇ] = h
[h, k] = k , [k, k] = h + hˇ , [hˇ, k] = k
. (2.5)
h and hˇ are generators of H and Hˇ which are subgroups of G×H1.
4. Non-zero components of the nondegenerate group metric are
tr(kk) = ηkk , tr(hhˇ) = ηhhˇ . (2.6)
The structure constant lowered by the nondegenerate group metric becomes totally
antisymmetric
fhhhˇ = fhˇhˇhˇ = fhkk = fhˇkk = 1 . (2.7)
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2.2.2 Doubled Lie algebra
The gravitational field is described by a closed string which has the left and right moving
modes. We begin by the sigma model Lagrangian for a closed string
L = −1
2
(√
−hhij∂ixm∂jxnGmn + ǫij∂ixm∂jxnBmn
)
. (2.8)
In the conformal gauge, the Lagrangian is rewritten in the doubled basis ∂±xm = 1√2(∂τ ±
∂σ)x
m with the two vielbein fields ea
m and e′ma as [1]
Lconformal gauge = 1
2
ja ηab j
b , Gmn +Bmn = em
ae′na
ja =
{
ja = ∂+x
mem
a
ja = ∂−xme′ma
, ηab =
(
0 δba
δab 0
)
. (2.9)
The left and right currents are written in term of the canonical momentum pm ≡ ∂L∂∂τxm =
Gmn∂τx
n + Bnm∂σx
n
ja =
{
ja = 1√
2
(
ηabeb
m(pm +Bmn∂σx
n) + ∂σx
nen
a
)
ja =
1√
2
(
e′laGlm(pm +Bmn∂σxn)− ∂σxne′na
) (2.10)
with Gmn = ea
mηabeb
n and ea
mem
b = δba . The basis of the doubled space are essentially
the left and right moving modes.
On the other hand the Hamiltonian with the two dimensional diffeomorhism invariance
is given by
H = 1√−hh00Hτ −
h01
h00
Hσ ,
{
Hσ = 12⊲a ηab ⊲b = 12⊲m ηmn ⊲n
Hτ = 12⊲a ηˆab ⊲b = 12⊲m Mmn ⊲n
⊲a = eam⊲m , ⊲m =
(
pm
∂σx
m
)
, ea
mηabeb
n = ηmn , ea
mηmneb
n = ηab (2.11)
ηˆab =
(
ηab
ηab
)
, Mmn = eamηˆabebn =
(
Gmn GmlBln
−BmlGln Gmn − BmlGlkBkn
)
The conformal gauge is given by 1√−hh00 = 1 and
h01
h00
= 0. The covariant derivatives
in arbitrary curved backgrounds are written as the vielbein multiplied on the flat space
covariant derivative as ⊲a = eam⊲m. The doubled vielbein field eam satisfies the orthogonal
condition (2.11), so it is an element of the coset
O(d, d)
SO(d− 1, 1)× SO(1, d− 1) . (2.12)
The number of physical degres of freedom for Gmn and Bmn is d
2 which is the number
of the dimensions of the coset in (2.12). While Gmn + Bmn is transformed fractional
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linearly, the vielbein ea
m is transformed linearly under the O(d,d) T-duality symmetry
transformation, ea
m → habebnΛmn with ΛTηΛ = η and hT ηˆh = ηˆ.
An O(d,d) T-duality transformation which produces nonzero B field, Bmn = 0 →
Bmn = λmn , is given by
ea
m =
(
e−1
eT
)
, Λ =
(
1 −λ
1
)
, λT = −λ
→ ean(Λ−1)nm =
(
e−1
eT
)(
1 λ
1
)
(2.13)
where indices are omitted as e, λ for em
a, λmn for simpler notation. Another O(d,d)∋ Λ
transformation which interchanges the momenta and the winding modes the vielbein is
transformed as:
⊲m → Λmn⊲n , eam → habebn(Λ−1)mn (2.14)
ea
m =
(
e−1
eT
)(
1 B
1
)
, Λ =
(
(λ−1)T
λ
)
, h =
(
1
1
)
→ habebn(Λ−1)nm =
(
(λe)T
(λe)−1
)(
1
λBλT 1
)
where indices are omitted as B,G for Bmn, Gmn. This simple transformation rule corre-
sponds to the following transformation rules of Gmn and Bmn as{
Gmn → (λ−1)T (G− BG−1B)−1λ−1
Bmn →
[
(λ−1)TG−1B(G− BG−1B)−1λ−1
]
[mn]/2
(2.15)
with antisymmetrizing indices, O[mn]/2 = (Omn−Onm)/2. They are generalizations of the
Buscher’s transformation rule.
It is known that doubled coordinates manifest T-duality symmetry, and the physical
degrees of freedom is a half of it. The section condition is usually considered as ∂m∂
m = 0
where ∂m =
∂
∂xm
and ∂m = ∂
∂ym
, and it is imposed on the spacetime field weakly as
∂m∂
mΨ(xm, ym) = 0 and strongly ∂mΦ(x
m, ym)∂
mΨ(xm, ym) = 0. The ym-independence
satisfies the section condition and the theory reduces to the usual coordinate space theory.
This condition is the σ-diffeomorphism invariance constraint Hσ = ∂m∂m = 0 for a string
on the worldsheet. The σ-diffeomorphism invariance constraint is imposed on fields as a
matrix element of the second quantized level, 〈Φ|Hσ|Ψ〉 = 0. In other words fields in the
target space governed by the string theory should be σ-diffeomorphism invariant.
The doubled momenta ⊲m = Pm = (Pm, Pm′) are independent, so we have doubled
coordinates. Then we impose dimensional reduction constraints to reduce a half. We do
not impose gauge fixing conditions on spacetime fields ∂
∂ym
Ψ = 0, and they are written as
Pm = (pm+∂σx
m)/
√
2 and Pm′ = (pm′−∂σxm′)/
√
2 in a flat space with xm = (xm+ym)/
√
2
and xm
′
= (xm − ym)/
√
2. The dimensional reduction constraints are first class, so the
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local gauge symmetry and all doubled coordinates are preserved. Therefore the T-duality
covariant general coordinate invariance of the stringy gravity is manifest.
The dimensional reduction constraints are made from the right-invariant one form,
while the local geometry is made from the left-invariant one form so that the auxiliary
coordinates are reduced by the dimensional reduction constraints without modifying the
local geometry. In order to construct the left-invariant one form and the right-invariant
one form for both left and right moving modes we double the whole group
G→ G×G′ . (2.16)
A group element of the direct product of these groups G×G’∋ g = g(ZM)g(zM ′) gives
both the left and right moving modes of the left-invariant and the right-invariant currents;
g−1dg = g−1dg(Z) + g′−1dg′(Z ′) = iJ(Z) + iJ(Z ′) and dgg−1 = dgg−1(Z) + dg′g′−1(Z ′) =
iJ˜(Z) + iJ˜(Z ′). For the RR background this factorization is nontrivial as seen later.
2.3 Affine Lie algebras
Let us go back to the procedure of the manifestly T-dual formulation in arbitrary group
manifolds. We begin by a Lie algebra generated by GI
[GI , GJ ] = if IJ
KGK , tr(GIGJ) = ηIJ , det ηIJ 6= 0 . (2.17)
For the Lie algebra in (2.17) its group element g is parametrized by ZM where the number
of Lie algebra generators GI is equal to the number of the parameters Z
M . We extend it
to affine Lie algebras as string algebras. The coordinates ZM ’s are functions of the two-
dimensional worldsheet coordinates. Generators of affine Lie algebras are constructed
from the left and right-invariant currents and the particle covariant derivative and the
particle symmetry generator.
• Left-invariant one form and the particle covariant derivative
The left-invariant one form J satisfies the Maurer-Cartan equation, and the covari-
ant derivative ∇I satisfies the following equation
g−1dg = iJ IGI , J I = dZMRMI ⇒ dJ I = −12f JKIJ J ∧ JK
∇I = (R−1)IM 1i ∂M ⇒ (R−1)[IM∇J ]RMK = ifIJK . (2.18)
• Right-invariant current and the particle symmetry generator
The right-invariant one form J˜ satisfies the Maurer-Cartan equation, and the sym-
metry generator ∇˜I satisfies the following equation
dgg−1 = iJ˜ IGI , J˜ I = dZMLMI ⇒ dJ˜ I = 12f JKI J˜ J ∧ J˜K
∇˜I = (L−1)IM 1i ∂M ⇒ (L−1)[IM∇J ]LMK = −ifIJK . (2.19)
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• Algebras by particle covariant derivative and symmetry generator
The covariant derivative and the symmetry generator together with J1
I = ∂σZ
MRM
I
and J˜1
I = ∂σZ
MLM
I satisfy the following affine Lie algebras:

[∇I(1),∇J(2)] = −if IJK∇Kδ(2− 1)
[∇I(1), J1J(2)] = −iJ1KfKIJδ(2− 1)− iδJI ∂σδ(2− 1)
[J1
I(1), J1
J(2)] = 0
. (2.20)


[∇˜I(1), ∇˜J(2)] = if IJK∇˜Kδ(2− 1)
[∇˜I(1), J˜1J(2)] = iJ˜1KfKIJδ(2− 1) + iδJI ∂σδ(2− 1)
[J˜1
I(1), J˜1
J(2)] = 0
. (2.21)


[∇I(1), ∇˜J(2)] = 0
[∇˜I(1), J1J(2)] = −iMI J(2)∂σδ(2− 1)
[∇I(1), J˜1J(2)] = −i(M−1)IJ(2)∂σδ(2− 1)
(2.22)
with
MI
J = (L−1)IMRMJ , J˜IMIK = JK , ∇˜I =MIK∇K
ηIJ =MI
LMJ
KηLK , fIJK = MI
LMJ
PMK
QfLPQ . (2.23)
σ1 and σ2 are abbreviated as 1 and 2, and δ(2 − 1) = δ(σ2 − σ1) and ∂σδ(2 − 1) =
∂σ2δ(σ2 − σ1). From the relation between the left-invariant one form and the right-
invariant one form g−1J˜g = J → LMIg−1GIg = RMIGI , the nondegenerate group
metric ηIJ = tr(GIGJ) = tr(g
−1GIgg−1GJg) leads to that the matrix MI J satisfies
the orthogonal condition and invariance of the structure constant (2.23).
The string covariant derivative ⊲I(σ) is constructed with the B field from the parti-
cle covariant derivative ∇I(σ) and the σ component of the left-invariant current J1I(σ).
The string symmetry generator ⊲˜I(σ) is constructed with the B˜ field from the particle
symmetry generator ∇˜I(σ) and the σ component of the right-invariant current J˜1I(σ) as;
• Covariant derivative 4
⊲I = ∇I + 12J1K(ηKI +BKI) (2.24)
• Symmetry generator
⊲˜I = ∇˜I + 12 J˜1K(−ηKI + B˜KI) (2.25)
4The coefficient 1
2
arises from the normalization of the Schwinger term in the affine Lie algebra. The
same normalization of the Schwinger term is satisfied by 1√
2
(
∇I + J1K(ηKI +BKI)
)
.
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The affine extension of the Lie algebra (2.17) is performed using (2.20), (2.21) and (2.22).
• Affine Lie algebras
[⊲I(1),⊲J(2)] = −ifIJK⊲Kδ(2− 1)− iηIJ∂σδ(2− 1)
[⊲˜I(1), ⊲˜J(2)] = ifIJK⊲˜Kδ(2− 1) + iηIJ∂σδ(2− 1) (2.26)
[⊲I(1), ⊲˜J(2)] = 0
The antisymmetric tensor BIJ field in the covariant derivative must satisfy the follow-
ing equation [7]
i∇[IBJK] − f[IJ |LBL|K] = 2fIJK . (2.27)
Another antisymmetric tensor B˜IJ field in the symmetry generator is related to BIJ from
(2.23) as
B˜IK = MI
JBJLMK
L . (2.28)
The two form B gives the Wess-Zumino term for a fundamental string
B =
1
2
dZM ∧ dZNBMN = 1
2
JI ∧ JJBIJ = 1
2
J˜I ∧ J˜JB˜IJ
BMN = RM
IRN
JBIJ = LM
ILN
JB˜IJ . (2.29)
The three form H = dB is calculated with (2.27) as
H = dB =
1
3!
dZM ∧ dZN ∧ dZLHMNL = 1
3!
JI ∧ JJ ∧ JKfIJK = 1
3!
J˜I ∧ J˜J ∧ J˜KfIJK
HMNP = RM
IRN
JRP
KfIJK = LM
ILN
JLP
KfIJK . (2.30)
It is also denoted that the condition on BIJ in (2.27) is expressed as dB = H where H
is given in [7]. B is determined from it up to its gauge freedom dλ. The existence of the
solution is guaranteed by dH = 0, which is proven using Maurer-Cartan equations.
The σ diffeomorphsim generator is defined by bilinears of the covariant derivatives
contracted with the nondegenerate group metric as
Hσ = 1
2
⊲IηIJ⊲J . (2.31)
For a field Φ which is a function of the group manifold coordinates, the σ derivative of Φ
is determined as
∂σΦ = i
∫
dσ′[Hσ(σ′),Φ] = ⊲IηIJ(i∇JΦ) . (2.32)
If a field Φ is a function of both phase space coordinates (ZM , 1
i
∂M), then the derivative
(i∇JΦ) is replaced by the commutator as [i⊲J ,Φ] in (2.32).
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Let us consider a space defined by the affine Lie algebra generated by the covariant
derivative in the first line of (2.26). Two vectors in the space, Λˆi = Λi
I(ZM)⊲I(σ) with
i = 1, 2, satisfy the commutator as
[Λ1
I⊲I(1),Λ2J⊲J(2)]
= −iΛ12I⊲Iδ(2− 1)− i{(1
2
+K)Ψ(12)(1) + (1
2
−K)Ψ(12)(2)}∂σδ(2− 1)
Λ12
I = Λ[1|
K(i∇KΛ|2]I)− 1
2
Λ[1|
K(i∇IΛ|2]K) + Λ1JΛ2KfJKI −K(i∇IΨ(12))
Ψ(12) = Λ1
IΛ2
JηIJ (2.33)
where σ derivative is calculated by (2.32). The factors “i”’s come from the definition of
covariant derivative ∇I = RIM 1i∂M . There is an ambiguity with parameter K caused from
the Schwinger term including ∂σδ(2−1). The regular part of the algebra is a generalization
of the “C-bracket”
([Λ1,Λ2]T)
I = −iΛ12I (2.34)
where we put “T” which stands for T-duality. The expression of Λ12 depends on the value
of K as
Λ12
I =
{
Λ[1|K(i∇KΛ|2]I)− 12Λ[1|K(i∇IΛ|2]K) + Λ1JΛ2KfJKI · · ·K = 0
Λ1
K(i∇KΛ2I) + Λ2K(i∇[J |Λ1|K])ηJI + Λ1JΛ2KfJKI · · ·K = −12
. (2.35)
For the case with K = 0 it is antisymmetric under 1 ↔ 2 interchanging, while the case
with K = −1/2 gives the usual gauge transformation rules. The Jacobi identity of the T-
bracket is not satisfied in general because of luck of the contribution from the Schwinger
term. The Jacobi identity of the affine algebra (2.33) is the Bianchi identity giving a
condition on Λ12.
3 Flat space
3.1 Dilatation operator and B field
We begin by the Poincare´ algebra as a flat space, then introduce the nondegenerate partner
of the Lorentz generator following to the previous section. The nondegenerate Poincare´
algebra is generated by GM . In this case there exists a dilatation operator Nˆ and the
canonical dimensions of generator GM is nM as
[GM , GN ] = ifMN
LGL , [Nˆ , GM ] = iNM
NGN = inMGM . (3.1)
The generator of the nondegenerate Poincare´ algebra, GM = (smn, pm, σ
mn), and the
dilatation operator Nˆ satisfy the following algebra
[smn, slk] = iη[k|[msn]|l] , [smn, pl] = ip[mηn]l
[smn, σlk] = iη[k|[mσn]|l] , [pm, pn] = iσmn
[Nˆ , smn] = 0 , [Nˆ, pm] = ipm , [Nˆ , σ
mn] = 2iσmn
. (3.2)
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The nondegenerate group metric is
s p σ
ηIJ =
s
p
σ
(
1
1
1
)
(3.3)
The sum of the canonical dimensions of the nondegenerate pair is 2; (nI +nJ)ηIJ = 2ηIJ .
The Jacobi identity among Nˆ and two GM ’s leads to an identity
fMN
KNK
L +N[M
KfN ]K
L = (nL − nM − nN)fMNL = 0 , (3.4)
so the sum of the canonical dimensions of the lowered indices of the non-zero component
of the structure constant is also 2; (nM + nN + nL)fMNL = 2fMNL. This identity gives a
constant B field solution of the equation (2.27) for the nondegenerate Poincare´ group as
BNM = −1
2
N[N |LηL|M ] =
1
2
(−nN + nM)ηNM . (3.5)
As a result the stringy covariant derivative for the flat space ⊲N is written in terms of the
particle covariant derivative ∇N and the σ-component of the left-invariant current J1N
in the flat space as5
⊲M = ∇M + 1
2
J1
L(ηLM +BLM) = ∇M + nM
2
J1;M (3.7)
with J1;M ≡ J1LηLM . It satisfies the affine nondegenerate Poincare´ algebra
[⊲M(1),⊲N(2)] = −ifMNL⊲Lδ(2− 1)− iηMN∂σδ(2− 1) . (3.8)
3.2 Affine Poincare´ algebras
Next the nondegenerate Poincare´ algebra is doubled as described in the previous section
GM → GM = (GM , GM ′)
fMN
L → fMNL = (fMNL, fM ′N ′L
′
= −fMNL) (3.9)
ηMN →
{
ηMN = (ηMN , ηM ′N ′ = −ηMN)
ηˆMN = (ηMN , ηˆM ′N ′ = ηMN)
.
5The coefficient 1
2
arises from the normalization of the Schwinger term in the affine Lie algebra (3.8).
Another normalization gives the usual stringy covariant derivative
⊲M = 1√
2
(∇M + nMJM ) . (3.6)
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Covariant derivatives and symmetry generators for the nondegenerate doubled Poincare´
algebra are given as follows.
• Flat covaiant derivatives : ⊲M = ∇M + 1
2
J1
L(ηLM +BLM) = (⊲M ,⊲M ′)
Flat left ⊲M = (Smn, Pm, Σmn) ; Flat right ⊲M ′ = (Sm′n′ Pm′ , Σm
′n′){
Smn = ∇S
Pm = ∇P + 12J1;P
Σmn = ∇Σ + J1;Σ
{
Sm′n′ = ∇S′
Pm′ = ∇P ′ − 12J1;P ′
Σm
′n′ = ∇Σ′ − J1;Σ′
(3.10)
• Flat symmetry generators: ⊲˜M = ∇˜M + 1
2
J˜1
L(−ηLM + B˜LM) = (⊲˜M , ⊲˜M ′)
Flat left ⊲˜M = (S˜mn, P˜m, Σ˜mn){
S˜mn = ∇˜S − (J˜1;S + cPS J˜1;P + cΣS J˜1;Σ)
P˜m = ∇˜P − 12(J˜1;P + cΣP J˜1;Σ)
Σ˜mn = ∇˜Σ
(3.11)
Flat right ⊲˜M ′ = (S˜m′n′ P˜m′ , Σ˜m
′n′){
S˜m′n′ = ∇˜S′ + (J˜1;S′ + cP ′S′ J˜1;P ′ + cΣ
′
S′
J˜1;Σ′)
P˜m′ = ∇˜P ′ + 12(J˜1;P ′ + cΣ
′
P ′J˜1;Σ′)
Σ˜m
′n′ = ∇˜Σ′
where coefficients cNM ’s are given by MI
J determined from (2.24) and (2.28). Their
explicit forms, in a particular parametrization, have been given in [7].
The affine nondegenerate doubled Poincare´ algebras generated by the covariant derivatives
and the symmetry generators are given as:
• Affine flat algebra by covariant derivatives : ⊲M = (⊲M ,⊲M ′)


[⊲M(1),⊲N(2)] = −ifMNL⊲Lδ(2− 1)− iηMN∂σδ(2− 1)
[⊲M ′(1),⊲N ′(2)] = −ifM ′N ′L′⊲L′δ(2− 1)− iηM ′N ′∂σδ(2− 1)
= ifMN
L⊲L′δ(2− 1) + iηMN∂σδ(2− 1)
[⊲M(1),⊲N ′(2)] = 0
(3.12)
• Affine flat algebra by symmetry generators : ⊲˜M = (⊲˜M , ⊲˜M ′)
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

[⊲˜M(1), ⊲˜N (2)] = ifMNL⊲˜Lδ(2− 1) + iηMN∂σδ(2− 1)
[⊲˜M ′(1), ⊲˜N ′(2)] = ifM ′N ′L
′⊲˜L′δ(2− 1) + iηM ′N ′∂σδ(2− 1)
= −ifMNL⊲˜L′δ(2− 1)− iηMN∂σδ(2− 1)
[⊲˜M(1), ⊲˜N ′(2)] = 0
(3.13)
• Commutativity:
[⊲M(1), ⊲˜N (2)] = 0 (3.14)
The flat space is defined by the affine nondegenerate doubled Poincare´ algebra generated
by the covariant derivative (3.10). The symmetry generators (3.11) become physical
symmetry generators and dimensional reduction constraints.
3.3 Dimensional reduction constraints and the section condition
The symmetry generators obtained in (3.11) satisfying in (3.13) become the physical total
momentum and the physical total Lorentz generators
P˜total;m = P˜m + P˜n′δ
n′
m , S˜total;mn = S˜mn − S˜m′n′δm
′
m δ
n′
n , (3.15)
and dimensional reduction constraints
φm = P˜m − P˜n′δn′m = 0 (3.16)
[φm(1), φn(2)] = −i(Σ˜mn − Σ˜m′n′δm′m δn
′
n )δ(2− 1)
⇒ Σ˜mn = Σ˜m′n′ = 0 .
The worldsheet τ/σ-diffeomorphism generators constructed with the metrics in (3.9)
and the Virasoro algebra are given as
Hσ = 1
2
⊲MηMN⊲N , Hτ = 1
2
⊲M ηˆMN⊲M (3.17)

[Hσ(1),Hσ(2)] = i(Hσ(1) +Hσ(2))∂σδ(2− 1)
[Hσ(1),Hτ (2)] = i(Hτ (1) +Hτ (2))∂σδ(2− 1)
[Hτ (1),Hτ (2)] = i(Hσ(1) +Hσ(2))∂σδ(2− 1)
.
These Virasoro constraints are imposed on the physical states for strings. This σ-diffeomorphism
constraint written in the doubled coordinates is imposed on the fields in the doubled target
space, as the section condition.
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The relation between the section condition and the dimensional reduction constraint
is the following: The σ-diffeomorphism constraint is satisfied on the constrained surface
Hσ = 1
2
(Pm
2 − Pm′2 + 1
2
SmnΣ
mn − 1
2
Sm′n′Σ
m′n′) ≈ 1
2
(Pm
2 − Pm′2)
=
1
2
⊲˜MηMN⊲˜N ≈ P˜total,mφm = 0 (3.18)
where weak equalities ≈ in the first and the second lines are equal up to the constraints,
local Lorentz constraints Smn = Sm′n′ = 0, and the dimensional reduction constraints,
Σ˜mn = Σ˜m′n′ = 0. In our formulation the first class constraint in (3.16) is imposed, which
reduces to ∂
∂ym
Φ = 0 only after the unitary gauge with ym = x
m − xm′ . The section
condition is automatically satisfied.
The zero-modes of the symmetry generators satisfy the Poincare´ algebra as
Ptotal;m =
∫
dσ P˜ total;m(σ) , Stotal;mn =
∫
dσ S˜total;mn(σ)

[Stotal;mn,Stotal;lk] = iη[k|[mStotal;n]|l]
[Stotal;mn,Ptotal;l] = iPtotal;[mηn]|l
[Ptotal;m,Ptotal;n] = i(Σ˜mn − Σ˜m′n′δm′m δn′n ) ≈ 0
(3.19)
where the dimensional reduction constraints (3.16) are used in the last equality.
4 Curved backgrounds in the asymptotically flat space
4.1 Curved space covariant derivative and torsion
The gravitational fields are coupled to closed string modes as given in (2.11)
⊲M → ⊲A = EAM⊲M , EAMηMNEBN = ηAB , EAMηABEBN = ηMN . (4.1)
The vielbein fields EA
M satisfies the orthogonal condition with respect to ηMN . The
generators includes Lorentz generators so the vielbein includes not only Gmn and Bmn
but also the Lorentz connection ωm
nl [4].
While the σ-diffeomorphism generator in a curved space is unchanged from the one
in a flat space because of the orthogonality (4.1), the τ -diffeomorphism generator Hτ in
a curved space is given by
Hσ = 1
2
⊲AηAB⊲B =
1
2
⊲MηMN⊲M
Hτ = 1
2
⊲AηˆAB⊲B =
1
2
⊲MMMN⊲N , MMN = EAM ηˆABEBN (4.2)
with the generalized metric MMN as a generalization of the third line of (2.11). Since
the σ-diffeomorphism generator Hσ is independent on the background, it is possible to
impose Hσ = 0 as a first class constraint even in curved spaces.
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The covariant derivative in a curved space ⊲A given in (4.1) satisfies the following
algebra
[⊲A(1),⊲B(2)] = −iTABC⊲Cδ(2− 1)− iηAB∂σδ(2− 1)
TABC ≡ TABDηDC = 1
2
(i∇[AEBM)EC]M + EAMEBNECLfMNL (4.3)
i∇[ATBCD] + 3
4
T[AB
ETCD]E = 0 .
The orthogonality of the vielbein is used to give the same Schwinger term as the flat case,
and the torsion TAB
D with lowered indices is totally antisymmetric. The Bianchi identity
leads to the totally antisymmetric equation.
4.2 Group manifolds and the three form H = dB
We focus on the cases where the curved space is a group manifold so the torsion becomes
constant TAB
C → fIJK . The covariant derivative ⊲I = EIM⊲M satisfies the affine algebra
as
[⊲I(1),⊲J(2)] = −ifIJK⊲Kδ(2− 1)− iηIJ∂σδ(2− 1) . (4.4)
From the expression of the torsion in (4.3) the structure constant of the group manifold
fIJK is written in terms of vielbein field and the structure constant of the nondegenerate
doubled Poincare´ algebra fMNL as
fIJK =
i
2
(∇[IEJM)EK]M + EIMEJNEKLfMNL . (4.5)
The currents and the particle covariant derivatives are given by{
J1
L = ∂σZ
MRM
L
J1
I = ∂σZ
MRM
I
,
{
∇L = (R−1)LM 1i ∂M
∇I = (R−1)IM 1i∂M
⊲I = EIL⊲L ⇒ EIL = (R−1)IMRML . (4.6)
From equations in (4.6) the relation between structure constants in (4.5) becomes
JI ∧ JJ ∧ JKfIJK + dJI ∧ JJηIJ = JM ∧ JN ∧ JLfMNL + dJM ∧ JNηMN .
Using Maurer-Cartan equations in (2.19) the three forms in the doubled space in (2.30)
are shown to be equal as
H = H ,
{
H = 1
3!
JM ∧ JN ∧ JLfMNL
H = 1
3!
JI ∧ JJ ∧ JKfIJK
. (4.7)
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In the doubled space the three form H = dB is universal at least locally. This is a
consequence of the orthogonality in (4.1) in the doubled formalism.
For the three form H = H in (4.7) the two form B in the covariant derivatives in
curved spaces ⊲A are equal up to the gauge transformation
B = B + dΛ
=
1
2
dZM ∧ dZN(RMLRNKBLK) = 1
2
dZM ∧ dZN(BMN + ∂[MΛN ]) (4.8)
=
1
2
JL ∧ JKBLK = 1
2
JI ∧ JJ
(
BIJ + (R
−1)IM(R−1)JN∂[MΛN ]
)
BLK is the constant solution given in (3.5) and BMN = RM
IRN
JBIJ . The B field in the
group manifold and B field in the flat sapce are introduced in covariant derivatives as{
⊲M = ∇M + 1
2
J1
N(ηNM +BNM)
⊲I = ∇I + 1
2
J1
J(ηJI +BJI)
(4.9)
which are related by the vielbein as in (4.6). The gauge symmetry of BMN field in the
covaiant derivative ⊲I is realized by the rotation between the momentum and the winding
mode as
δΛ⊲I = (R−1)IM δΛ
(
1
i
∂M
)
+
1
2
(R−1)I
N∂σZ
M∂[MΛN ]
⇔
(
1
i
∂M
∂σZ
M
)
→
(
δ
N
M
∂[NΛM ]
0 δ
M
N
)(
1
i
∂N
∂σZ
N
)
. (4.10)
This transformation is a T-duality symmetry transformation of the doubled momenta. In
other words the B field in the doubled space is also recognized as a gauge field of the
T-duality symmetry transformation given in (4.10).
5 AdS space
5.1 Spontaneous symmetry breaking by the RR flux
In this section we examine a bosonic AdS space as a group manifold. The AdS5×S5 is a
solution of the type IIB supergravity theory. For the N=2 superalgebra the RR D3-brane
charge appears in Υαβ′ [6]
{Dα, Dβ′} = Υαβ′ (5.1)
where Dα and Dβ′ are the left and right supersymmetry charges with α, β
′ = 1, · · · , 16.
On the other hand the AdS5×S5 superalgebra includes the Lorentz terms 1rAdS (S · γ)αβ
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in the anticommutator of the left and the right supercharges. The AdS5×S5 space is
obtained in the large D3-brane charge limit. In the limit the right hand side of (5.1)
becomes the product of the 1/rAdS times the Lorentz generator Υαβ′ → 1rAdS (S · γ)αβǫ12
with S · γ = Sabγab + Sa¯b¯γa¯b¯, a, b = 0, 1, · · · , 4 and a¯, b¯ = 5, · · · , 9, and the vacuum
expectation value of the RR flux becomes nonzero, 〈0 | F αβ′
RR
| 0〉 = 1
rAdS
(γ01234+γ56789)
αβ′.
For a bosonic algebra a left-right mixing term will be introduced instead of the central
extension of the superalgebra (5.1) as
[Pa, Pb′] = Υab′ . (5.2)
The existence of fPP ′
Υ and introducing the nondegenerate pair as ηΥ = 1 lead to the
existence of fPP ′ ,
[ ab
′
, Pc] = δ
a
cP
b′ , [ ab
′
, Pc′] = −δb′c′P a. (5.3)
This suggests that Υab′ and
ab′ [6] correspond to the left-right mixing Lorenz generators,
Σab
′
and Sab′ respectively. The algebra is determined by the Jacobi identity.
As a result the number of generators of the doubled 10-dimensional flat space and the
one for the doubled AdS5×S5 coincide as follows.
Flat number AdS5 × S5 number
Lorentz Smn 45 Sab, Sa¯b¯ 10 + 10
Sm′n′ 45 Sa′b′, Sa¯′ b¯′ 10 + 10
Sab′ , Sa¯b¯′ 25 + 25
Momenta Pm 10 Pa, Pa¯ 5 + 5
Pm′ 10 Pa′ , Pa¯′ 5 + 5
Lorentz Σmn 45 Σab, Σa¯b¯ 10 + 10
nondegenerate Σm
′n′ 45 Σa
′b′, Σa¯
′ b¯′ 10 + 10
partner Σab
′
, Σa¯b¯
′
25 + 25
(5.4)
The indices in this table are the followings: 10-d. flat indices are m,m′ = 0, · · · , 9, AdS5
indices are a, a′ = 0, 1, 2, 3, 4 and S5 indices are a¯, a¯′ = 5, 6, 7, 8, 9. The subgroup H of the
coset G/H is modified by the spontaneous symmetry breaking. The subgroup is given
schematically as follows;
left right left right left right left right
Poincare´ AdS S AdS S AdS S
Pb Pb′ Pb Pb¯ Pb′ Pb¯′ Pb Pb′ Pb¯ Pb¯′
Pa Sab
Pa′ Sa′b′
⇒
Pa Sab Sab′
Pa¯ Sa¯b¯ Sa¯b¯′
Pa′ Sa′b Sa′b′
Pa¯′ Sa¯′ b¯ Sa¯′ b¯′
=
Pa Sab Sab′
Pa′ Sa′b Sa′b′
Pa¯ Sa¯b¯ Sa¯b¯′
Pa¯′ Sa¯′ b¯ Sa¯′ b¯′
(5.5)
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The number of degrees of freedom of Gmn and Bmn is d
2 which now coincides with the
number of the dimension of the coset O(d,d)/ O(d
2
, d
2
)2. In this paper we focus on the
doubled bosonic AdS part of the AdS5×S5 space which is the upper-left part of the third
figure in (5.5) from now on. The doubled bosonic sphere part of the AdS5×S5 space is
analyzed similarly which is the lower-right part of the third figure in (5.5).
5.2 Nondegenerate doubled AdS algebra
At first we make an AdS algebra doubled and nondegenerate in this section. In next
subsection affine extension is performed. The criteria of the AdS algebra with manifest
T-duality are followings:
• Dimensional reduction of the doubled space algebra gives to the AdS algebra in the
usual single coordinate space.
• Doubled AdS algebra has a flat limit in the large AdS radius, rAdS →∞.
• Doubled AdS algebra has the nondegenerate group metric and the totally antisym-
metric structure constant.
We focus on the bosonic 5-dimensional AdS part in AdS5×S5. As seen in the previous
section the existence of the RR flux leads to the left/right mixing Lorentz generators. The
doubled d-dimensional AdS space is described by SO(d,d+1) group. Next the nondegen-
erate pair of the Lorentz generators are introduced by direct product of another Lorentz
group SO(d,d). The obtained group SO(d,d+1)×SO(d,d) is the doubled AdS algebra
with the nondegenerate group metric and the totally antisymmetric structure constant.
5.2.1 Doubled AdS algebra
We double the AdS group into the ones for left and right AdS groups, in addition to them
we include the left/right mixing as seen in the previous section. So the doubled AdS
group will be SO(d,d+1).
The doubled d-dimensional AdS algebra is given by so(d,d+1) generated by doubled
momenta pa = (pa, pa′), doubled Lorentz sab = (sab, sa′b′ ; sab′) where a and a
′ runs 0 to
d−1. The proposed doubled algebra is
[GA, GB] = ifAB
CGC , [GA′, GB′ ] = ifA′B′
C′GC′ , [GA, GB′] = ifAB′
ΥGΥ
[GΥ, GA] = ifΥA
B′GB′ , [GΥ, GA′] = ifΥA′
BGB
[GΥ, GΥ] = ifΥΥ
AGA + ifΥΥ
A′GA′ (5.6)
where the left/right mixed index is denoted by Υ including its nondegenerate partner
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[6]. The doubled AdS algebra is given by
Left : [sab, scd] = iη[d|[asb]|c] , [sab, pc] = ip[aηb]c , [pa, pb] = i 1rAdS2 sab
Right : [sa′b′ , sc′d′] = iη[d′|[a′sb′]|c′ , [sa′b′ , pc′] = ip[a′ηb′]c′ , [pa′ , pb′] = i 1rAdS2sa′b′
Mixed : [sab′ , scd′] = −i(ηb′d′sac + ηacsb′d′)
[sab, scd′] = −iηc[asb]d′ , [sa′b′ , scd′] = −iηd′[a′|sc|b′]
[sab′ , pc] = −iηacpb′ , [sab′ , pc′] = iηb′c′pa , [pa, pb′ ] = i 1rAdS2 sab′
(5.7)
The spacetime metric of the enlarged space is
ηab = (η♮♮; ηab; ηa′b′) = (−1;−1, 1, 1, 1, 1; 1,−1,−1,−1,−1) . (5.8)
The left moving mode is in an AdS space while the right moving mode is in a dS space.
This phenomena is similar to the point discussed in [9]. The structure constants with
lowered indices fABC are totally antisymmetric.
5.2.2 Nondegenerate doubled AdS algebra
We will construct a nondegenerate AdS group SO(d,d+1)×SO(d,d) in such a way that
the subalgebra H of the coset has its nondegenerate partner by following the procedure
given in subsection 2.2.1:
1. The doubled momenta are the generators of the coset G/H0 denoted by k, w here
G=SO(d,d+1) is the doubled AdS group and H0=SO(d,d) is the doubled Lorentz
subgroups and the left/right mixed Lorentz as in (5.7).
2. Another Lorentz group H1=SO(d,d) is introduced to construct the nondegenerate
pair of the Lorentz group.
3. Make nondegenerate pair sab and σ
ab by linear combinations of h0 and h1 which are
Lie algebras of H0 and H1 as

h0 + h1 = s
h0 − h1 = 1
rAdS2
σ
k =
1√
2rAdS
p
⇒
{
[s, s] = s , [s, σ] = σ , [σ, σ] =
1
rAdS4
s
[s, p] = p , [p, p] =
1
rAdS2
s+ σ , [σ, p] =
1
rAdS2
p
(5.9)
4. Non-zero components of the nondegenerate doubled AdS group metrics are
ηpp = −ηp′p′ = 1 = ηsσ = ηs′σ′ = η Υ (5.10)
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with (pa, pa′) = (p, p
′), (sab, sa′b′ ; sab′) = (s, s′; ) and (σab, σa
′b′ ; σab
′
) = (σ, σ′; Υ).
The signature of nondegenerate group metric is determined from the Jacobi identity.
The structure constant including constant torsions with lowered indices are totally
antisymmetric:
fssσ = −fs′s′σ′ = f Υs = −f Υs′ = f σ = −f σ′ = fpps = fp′p′s′ = −fpp′ = 1
fppσ = fp′p′σ′ = −fpp′Υ = 1rAdS21 , fσσσ = −fσ′σ′σ′ = fΥΥσ = −fΥΥσ′ =
1
rAdS4
1 .
(5.11)
5.3 Affine AdS algebras
5.3.1 Covariant derivative and symmetry generator in the AdS space
The covariant derivatives and the symmetry generators in the AdS space are given by
(2.24) and (2.25) as follows.
• AdS covariant derivatives
The covariant derivative in the AdS space is a linear combination of the AdS particle
covariant derivative
◦
∇A and the σ component of the left-invariant current
◦
JA with
the B field.
◦
⊲A =
◦
∇A + 1
2
◦
JB(ηBA +
◦
BBA) (5.12)
The
◦
BBA field on the AdS space is a solution of the equation given in (2.27) and the
existence of the solution is guaranteed by d
◦
H = 0. The B field on the AdS space is
not a constant
i
◦
∇[A
◦
BBC] −
◦
f [AB|
D
◦
BD|C] = 2
◦
fABC . (5.13)
The covariant derivatives of the nondegenerate doubled AdS algebra is the Lie al-
gebra of the group SO(d,d+1)×SO(d,d)
◦
⊲A(σ) = (Sab, Pa, Σab) ,


Sab = (Sab, Sab′ , Sa′b′)
Pa = (Pa, Pa′)
Σab = (Σab, Σab
′
, Σa
′b′)
. (5.14)
• AdS symmetry generators
The symmetry generator in the AdS space is a linear combination of the AdS particle
symmetry generator
◦
∇˜A and the σ component of the right-invariant current
◦
J˜A with
the B˜ field.
◦
⊲˜A =
◦
∇˜A + 1
2
◦
J˜B(−ηBA +
◦
B˜BA) (5.15)
◦
B˜BA =
◦
MB
C
◦
MA
D
◦
BCD ,
◦
MA
D = (
◦
L−1)AM
◦
RM
D .
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The symmetry generators of the nondegenerate doubled AdS algebra is the Lie
algebra of the group SO(d,d+1)×SO(d,d)
◦
⊲˜A(σ) = (Sab, P˜a, Σ˜ab) ,


S˜ab = (S˜ab, S˜ab′ , S˜a′b′)
P˜a = (P˜a, P˜a′)
Σ˜ab = (Σ˜ab, Σ˜ab
′
, Σ˜a
′b′)
. (5.16)
5.3.2 Affine AdS algebras
The nondegenerate doubled AdS algebra in (5.7) and (5.9) is extended to affine AdS
algebras generated by the AdS covariant derivative in (5.12) and the AdS symmetry
generator in (5.15). In contrast to the flat case the left and right moving modes of the
AdS algebra are not really separated because of the left/right mixing caused by the RR
flux. Since the commutativity of the covariant derivative and the symmetry generator
holds for the AdS space, their roles hold in the AdS space; while the covariant derivative
determine the local structure of the space, the symmetry generators are used to separate
out physical dimensions from unphysical dimensions. The affine AdS algebras by the
covariant derivative (5.12) and the symmetry generator (5.15) in components are listed
as below.
• Affine AdS algebras by covariant derivative ◦⊲A and symmetry generator
◦
⊲˜A:
[
◦
⊲A(1),
◦
⊲B(2)] = −ifABC
◦
⊲Cδ(2− 1)− iηAB∂σδ(2− 1)
[
◦
⊲˜A(1),
◦
⊲˜B(2)] = ifABC
◦
⊲˜Cδ(2− 1) + iηAB∂σδ(2− 1) (5.17)
[
◦
⊲A(1),
◦
⊲˜B(2)] = 0
• Affine AdS algebra by covaiant derivatives: ◦⊲A = (
◦
⊲A,
◦
⊲A′,
◦
⊲Υ)
AdS Left :
◦
⊲A = (Sab, Pa, Σab)

[Sab(1), Scd(2)] = rAdS
4[Σab(1),Σcd(2)] = − iη[d|[aSb]|c]δ(2− 1)
[Sab(1), Pc(2)] = rAdS
2[Σab(1), Pc(2)] = − iP[aηb]cδ(2− 1)
[Pa(1), Pb(2)] = −i( 1
rAdS2
Sab + Σab)δ(2− 1)− iηab∂σδ(2− 1)
[Sab(1),Σcd(2)] = −iη[d|[aΣb]|c]δ(2− 1)− iηd[aηb]c∂σδ(2− 1)
(5.18)
AdS Right :
◦
⊲A′ = (Sa′b′ , Pa′ , Σa
′b′)
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

[Sa′b′(1), Sc′d′(2)] = rAdS
4[Σa′b′(1),Σc′d′(2)] = − iη[d′|[a′Sb′]|c′]δ(2− 1)
[Sa′b′(1), Pc′(2)] = rAdS
2[Σa′b′(1), Pc′(2)] = − iP[a′ηb′]c′δ(2− 1)
[Pa′(1), Pb′(2)] = −i( 1
rAdS2
Sa′b′ + Σa′b′)δ(2− 1)− iηa′b′∂σδ(2− 1)
[Sa′b′(1),Σc′d′(2)] = −iη[d′|[a′Σb′]|c′]δ(2− 1)− iηd′[a′ηb′]c′∂σδ(2− 1)
(5.19)
AdS Mixed :
◦
⊲Υ = (Sab′ , Σab
′
)

[Sab′(1), Scd′(2)] = rAdS
4[Σab′(1),Σcd′(2)] = i(ηb′d′Sac + ηacSb′d′)δ(2− 1)
[Sab(1), Scd′(2)] = rAdS
4[Σab(1),Σcd′(2)] = iηc[aSb]d′δ(2− 1)
[Sa′b′(1), Scd′(2)] = rAdS
4[Σa′b′(1),Σcd′(2)] = iηd′[a′|Sc|b′]δ(2− 1)
[Sab′(1), Pc(2)] = rAdS
2[Σab′(1), Pc(2)] = iηacPb′δ(2− 1)
[Sab′(1), Pc′(2)] = rAdS
2[Σab′(1), Pc′(2)] = − iηb′c′Paδ(2− 1)
[Pa(1), Pb′(2)] = −i( 1
rAdS2
Sab′ + Σab′)δ(2− 1)
[Sab′(1),Σcd′(2)] = i(ηb′d′Σac + ηacΣb′d′)δ(2− 1) + iηb′d′ηac∂σδ(2− 1)
[Sab(1),Σcd′(2)] = [Σab(1), Scd′(2)] = iηc[aΣb]d′δ(2− 1)
[Sa′b′(1),Σcd′(2)] = [Σab′(1), Scd′(2)] = iηd′[a′|Σc|b′]δ(2− 1)
(5.20)
• Affine AdS algebra by symmetry generators:
◦
⊲˜A = (
◦
⊲˜A,
◦
⊲˜A′,
◦
⊲˜Υ)
AdS Left :
◦
⊲˜A = (S˜ab, P˜a, Σ˜ab)

[S˜ab(1), S˜cd(2)] = rAdS
4[Σ˜ab(1), Σ˜cd(2)] = iη[d|[aS˜b]|c]δ(2− 1)
[S˜ab(1), P˜c(2)] = rAdS
2[Σ˜ab(1), P˜c(2)] = iP˜[aηb]cδ(2− 1)
[P˜a(1), P˜b(2)] = i(
1
rAdS2
S˜ab + Σ˜ab)δ(2− 1) + iηab∂σδ(2− 1)
[S˜ab(1), Σ˜cd(2)] = iη[d|[aΣ˜b]|c]δ(2− 1) + iηd[aηb]c∂σδ(2− 1)
(5.21)
AdS Right :
◦
⊲˜A′ = (S˜a′b′ , P˜a′ , Σ˜a
′b′)

[S˜a′b′(1), S˜c′d′(2)] = rAdS
4[Σ˜a′b′(1), Σ˜c′d′(2)] = iη[d′|[a′S˜b′]|c′]δ(2− 1)
[S˜a′b′(1), P˜c′(2)] = rAdS
2[Σ˜a′b′(1), P˜c′(2)] = iP˜[a′ηb′]c′δ(2− 1)
[P˜a′(1), P˜b′(2)] = i(
1
rAdS2
S˜a′b′ + Σ˜a′b′)δ(2− 1) + iηa′b′∂σδ(2− 1)
[S˜a′b′(1), Σ˜c′d′(2)] = iη[d′|[a′Σ˜b′]|c′]δ(2− 1) + iηd′[a′ηb′]c′∂σδ(2− 1)
(5.22)
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AdS Mixed :
◦
⊲˜Υ = (S˜ab′ , Σ˜ab
′
)

[S˜ab′(1), S˜cd′(2)] = rAdS
4[Σ˜ab′(1), Σ˜cd′(2)] = − i(ηb′d′S˜ac + ηacS˜b′d′)δ(2− 1)
[S˜ab(1), S˜cd′(2)] = rAdS
4[Σ˜ab(1), Σ˜cd′(2)] = − iηc[aS˜b]d′δ(2− 1)
[S˜a′b′(1), S˜cd′(2)] = rAdS
4[Σ˜a′b′(1), Σ˜cd′(2)] = − iηd′[a′|S˜c|b′]δ(2− 1)
[S˜ab′(1), P˜c(2)] = rAdS
2[Σ˜ab′(1), P˜c(2)] = − iηacP˜b′δ(2− 1)
[S˜ab′(1), P˜c′(2)] = rAdS
2[Σ˜ab′(1), P˜c′(2)] = iηb′c′P˜aδ(2− 1)
[P˜a(1), P˜b′(2)] = i(
1
rAdS2
S˜ab′ + Σ˜ab′)δ(2− 1)
[S˜ab′(1), Σ˜cd′(2)] = −i(ηb′d′Σ˜ac + ηacΣ˜b′d′)δ(2− 1)− iηb′d′ηac∂σδ(2− 1)
[S˜ab(1), Σ˜cd′(2)] = [Σ˜ab(1), S˜cd′(2)] = − iηc[aΣ˜b]d′δ(2− 1)
[S˜a′b′(1), Σ˜cd′(2)] = [Σ˜a′b′(1), S˜cd′(2)] = − iηd′[a′|Σ˜c|b′]δ(2− 1)
(5.23)
5.3.3 Curved backgrounds in the asymptotically AdS space
The AdS space is spanned by the AdS covariant derivative
◦
⊲A in (5.12) which satisfies
the affine Lie algebra given in the first line of (5.18). Let us consider gravity theory as a
fluctuation in the asymptotically AdS space as
⊲M = EMA
◦
⊲A . (5.24)
The commutator of the covariant derivative gives the torsion and the Bianchi identity
gives the torsion equations
[⊲M(1),⊲N(2)] = −iTMNL⊲Lδ(2− 1)− iηMN∂σδ(2− 1)
TMNL = TMN
KηKL =
1
2
(i∇[MENA)EL]A + EMAENBELC
◦
fABC (5.25)
i∇[MTNLK] + 3
4
T[MN
ETLK]E = 0 .
The general gauge transformations are calculated from T-bracket given in (2.33) and (2.34)
by taking the vielbein field as Λˆ2 = EM
A
◦
⊲A, the gauge parameters as Λˆ1 =
∫
ΛA
◦
⊲A. The
structure constant and the covariant derivative are specified as the AdS structure constant
◦
fAB
C and the AdS covariant derivative
◦
⊲A. The vielbein field has gauge symmetries
generated by the above bracket as
δΛEM
A
◦
⊲A = i[Λˆ1, EMA
◦
⊲A]
(δΛEM
A)ENA = i∇[M(EN ]AΛA)− TMNLELAΛA . (5.26)
In the asymptotically flat limit the gauge symmetry transformation (5.26) is reduced to
the one with the structure constant of the nondegenerate Poincare´ algebra.
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5.4 Auxiliary dimensions and physical dimensions
In order to manifest T-duality symmetry we have enlarged the space not only by in-
troducing the doubled coordinates but also by introducing auxiliary dimensions of the
nondegeneracy. In this section dimensional reduction constraints are obtained to reduce
such unphysical dimensions. We also construct the physical symmetry algebra in terms
of the symmetry generators written by doubled coordinates on the constrained surface.
5.4.1 Dimensional reduction constraints
As discussed in section 5.1 the non-zero vacuum expectation value of the RR flux in the
AdS space, 〈0|F αβ′
RR
|0〉 6= 0, breaks two Lorentz symmetries preserving only a combination
of the left and right Lorentz transformations as
[
1
2
λabS˜ab +
1
2
λa
′b′S˜a′b′, 〈0|F αβ
′
RR
|0〉]
=
1
2
λab(γab)
α
β〈0|F ββ
′
RR
|0〉+ 1
2
λa
′b′〈0|F αα′RR |0〉(γa′b′)β
′
α′ . (5.27)
In general 〈0|F αβ′
RR
|0〉 depends on the Lorentz coordinates, so it is transformed under the
Lorentz tranformations as above. In a simple gauge where the left and right spinors are
the same chirality for the total Lorentz group, the vacuum expectation value of the five
form RR flux is represented as 〈0|F αβ′
RR
|0〉 = 1
rAdS
µαβ
′
with µαβ
′
= ǫIJ(γ01234 + γ56789)
αβ
with N = 2 spinor indices I, J . Only one combination of the two Lorentz symmetries with
parameters λab + λa′b′ = 0 preserves the vacuum symmetry from [γab, γ01234 + γ56789] = 0.
Therefore the preserved Lorentz symmetry will be S˜ab − S˜a′b′ . We introduce a parameter
as a left-right mixing coefficient defined by the vacuum expectation value of the following
tensor
〈0|F αα′RR F ββ
′
RR
|0〉(γa)αβ(γb′)α′β′ = tr1
rAdS2
χa
b′ . (5.28)
It is possible to choose χaa′ satisfies
χaa′χbb′η
ab = −ηa′b′ , χaa′χbb′ηa′b′ = −ηab , (5.29)
and it is inert under the Lorentz rotations, for a case χa
b′ = δb
′
a .
The criteria of the dimensional reduction constraints are the followings:
• Constraints are written in terms of symmetry generators. The symmetry generators
commute with the covariant derivatives, so the dimensional reduction constraints
can reduce unphysical degrees of freedom without changing the local geometry.
• The survived symmetry generated by the total momentum and the total Lorentz is
the usual AdS algebra.
Before examining the dimensional reduction constraints we analyze the non-abelian
doubled algebra. If the doubled group is a direct product, generated by G and G′, it has
28
Z2 structure
[G,G] = G, [G′, G′] = −G′, [G,G′] = 0
Θ0 = (G−G′), Θ1 = (G+G′)
⇒ [Θµ,Θν ] = δµνΘ0 + ǫµνΘµ+ν = Θµ+ν , mod 2, µ=(0,1) . (5.30)
However we have introduced the left-right mixed term Υ as in (5.5) and (5.6), then the
Z2 structure is generalized. The antisymmetric and symmetric parts of Υ are denoted as
[Υ] and (Υ). The generalized Z2 structure is given as;
[p, p] = s, [p′, p′] = −s′, [p, p′] = [Υ] + (Υ)
Θ0 = (s− s′), Θ1 = [Υ], Θ2 = (s+ s′), Θ3 = (Υ)
⇒ [Θ0,Θ0] = Θ0 , [Θ0,Θi] = Θi , [Θi,Θj] = δijΘ0 + ǫijkΘk , i,j,k=(1,2,3) . (5.31)
There are three sets of representations of the above algebra (5.31):
• Lorentz symmetry generator algebra with S˜
The linear combinations of the left and right Lorentz symmetry generators in (5.23)
satisfy the above structure:
Θ0 = S˜ab − S˜a′b′χaa′χbb′ , Θ1 = S˜[a|b′|χb]b′
Θ2 = S˜ab + S˜a′b′χa
a′χb
b′ , Θ3 = S˜(a|b′|χb)b
′
(5.32)

[Θ0;ab,Θµ;cd] = −iη[c|[aΘµ;b]|d], µ=0,1,2 , [Θ0;ab,Θ3;cd] = −iη(c|[aΘ3;b]|d)
[Θi;ab,Θi;cd] = −iη[c|[aΘ0;b]|d], i=1,2 , [Θ3;ab,Θ3;cd] = −iη(c|(aΘ0;b)|d)
[Θi;ab,Θ3;cd] = −iη(c|[aΘ3−i;b]|d), i=1,2 , [Θ2;ab,Θ1;cd] = −iη[c|[aΘ3;b]|d]
where the worldvolume argument σ is abbreviated.
• Affine Lorentz symmetry generator algebra of subgroup H0 with S˜ + Σ˜
Θˇ0 = (S˜ab + rAdS
2Σ˜ab)− (S˜a′b′ + rAdS2Σ˜a′b′)χaa′χbb′
Θˇ1 = S˜[a|b′|χb]b
′
+ rAdS
2Σ˜[a|b′|χb]b
′
Θˇ2 = (S˜ab + rAdS
2Σ˜ab) + (S˜a′b′ + rAdS
2Σ˜a′b′)χa
a′χb
b′
Θˇ3 = S˜(a|b′|χb)b
′
+ rAdS
2Σ˜(a|b′|χb)b
′
(5.33)
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

[Θˇ0;ab(1), Θˇµ;cd(2)] = −2iη[c|[aΘˇµ;b]|d]δ(2− 1)− 2irAdS2δµ,0ηc[aηb]d∂σδ(2− 1)
[Θˇ0;ab(1), Θˇ3;cd(2)] = −2iη(c|[aΘˇ3;b]|d)δ(2− 1)
[Θˇi;ab(1), Θˇi;cd(2)] = −2iη[c|[aΘˇ0;b]|d]δ(2− 1)− 2irAdS2ηc[aηb]d∂σδ(2− 1)
[Θˇ3;ab(1), Θˇ3;cd(2)] = −2iη(c|(aΘˇ0;b)|d)δ(2− 1) − 2irAdS2ηc(aηb)d∂σδ(2− 1)
[Θˇi;ab(1), Θˇ3;cd(2)] = −2iη(c|[aΘˇ3−i;b]|d)δ(2− 1)
[Θˇ2;ab(1), Θˇ1;cd(2)] = −2iη[c|[aΘˇ3;b]|d]δ(2− 1)
with µ=0,1,2 and i=1,2 .
• Affine Lorentz symmetry generator algebra of subgroup H1 with S˜ − Σ˜
ˇˇΘ0 = (S˜ab − rAdS2Σ˜ab)− (S˜a′b′ − rAdS2Σ˜a′b′)χaa′χbb′
ˇˇΘ1 = S˜[a|b′|χb]b
′ − rAdS2Σ˜[a|b′|χb]b′
ˇˇΘ2 = (S˜ab − rAdS2Σ˜ab) + (S˜a′b′ − rAdS2Σ˜a′b′)χaa′χbb′
ˇˇΘ3 = S˜(a|b′|χb)b
′ − rAdS2Σ˜(a|b′|χb)b′
(5.34)

[ ˇˇΘ0;ab(1),
ˇˇΘµ;cd(2)] = −2iη[c|[a ˇˇΘµ;b]|d]δ(2− 1) + 2irAdS2δµ,0ηc[aηb]d∂σδ(2− 1)
[ ˇˇΘ0;ab(1),
ˇˇΘ3;cd(2)] = −2iη(c|[a ˇˇΘ3;b]|d)δ(2− 1)
[ ˇˇΘi;ab(1),
ˇˇΘi;cd(2)] = −2iη[c|[a ˇˇΘ0;b]|d]δ(2− 1) + 2irAdS2ηc[aηb]d∂σδ(2− 1)
[ ˇˇΘ3;ab(1),
ˇˇΘ3;cd(2)] = −2iη(c|(a ˇˇΘ0;b)|d)δ(2− 1) + 2irAdS2ηc(aηb)d∂σδ(2− 1)
[ ˇˇΘi;ab(1),
ˇˇΘ3;cd(2)] = −2iη(c|[a ˇˇΘ3−i;b]|d)δ(2− 1)
[ ˇˇΘ2;ab(1),
ˇˇΘ1;cd(2)] = −2iη[c|[a ˇˇΘ3;b]|d]δ(2− 1)
The linear combinations of the doubled momenta
φ±;a = P˜a ± P˜a′χaa′ (5.35)
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satisfy the following algebras with Θˇµ and
ˇˇΘµ
[φ+;a(1), φ+;b(2)] =
i
rAdS2
(Θˇ2;ab + Θˇ1;ab)δ(2− 1)
[φ−;a(1), φ−;b(2)] = irAdS2 (Θˇ2;ab − Θˇ1;ab)δ(2− 1)
[φ+;a(1), φ−;b(2)] = irAdS2 (Θˇ0;ab − Θˇ3;ab)δ(2− 1) + 2iηab∂σδ(2− 1)
[Θˇ0;ab(1), φ±;c(2)] = 2iφ±;[aηb]cδ(2− 1)
[Θˇi;ab(1), φ±;c(2)] = 2iφ∓;[aηb]cδ(2− 1), i=1,2
[Θˇ3;ab(1), φ±;c(2)] = 2iφ±;(aηb)cδ(2− 1)
[ ˇˇΘµ;ab(1), φ±;c(2)] = [
ˇˇΘµ;ab(1), Θˇν;cd(2)] = 0
(5.36)
We choose a set of first class constraints to reduce unphysical dimensions as
φ−;a = P˜a − P˜a′χaa′ = 0
ψab = (S˜ab + rAdS
2Σ˜ab) + (S˜a′b′ + rAdS
2Σ˜a′b′)χa
a′χb
b′ − S˜[a|b′χ|b]b′ − rAdS2Σ˜[a|b′χ|b]b′
= Θˇ2;ab − Θˇ1;ab = 0 (5.37)
ϕab = (S˜ab − rAdS2Σ˜ab)− (S˜a′b′ − rAdS2Σ˜a′b′)χaa′χbb′ + S˜[a|b′χ|b]b′ − rAdS2Σ˜[a|b′χ|b]b′
= ˇˇΘ0;ab +
ˇˇΘ1;ab = 0
which satisfy the following algebra
[φ−;a(1), φ−;b(2)] = iψabδ(2− 1)
[ϕab(1), ϕcd(2)] = 4iη[d|[aϕb]|c]δ(2− 1) (5.38)
others = 0 .
The first class constraint φ−;a = 0 reduces the half of the degrees of feedom of doubled
momenta. We also impose the local Lorentz constraints Sab = 0. The first class constraints
ψab = ϕab = 0 can be imposed without conflicting with the local Lorentz constraints by
the same reason.
5.4.2 Physical AdS algebra
The physical global AdS algebra is constructed as follows. We identify the total momen-
tum and the total Lorentz generator as
P˜total;a =
1
2
(P˜a + P˜a′χa
a′) +
1
2
φ−;a =
1
2
(φ+;a + φ−;a) = P˜a (5.39)
S˜total;ab =
1
2
(S˜ab − S˜a′b′χaa′χbb′ + S˜[a|b′χb]b′) + 1
4
(ψab − ϕab)
=
1
2
(Θ0;ab +Θ1;ab) +
1
4
(ψab − ϕab) = 1
2
(S˜ab + rAdS
2Σ˜ab) .
The total momentum and the total Lorentz symmetry generators in the flat space are
the same as (5.39) with first class constarints, φ−;a = ψab = ϕab = 0 and S˜ab′ = 0. The
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physical global AdS algebra is generated by the zero mode of the total momenta and the
total Lorentz generator
Ptotal;a =
∫
dσ P˜ total;a(σ) , Stotal;ab =
∫
dσ S˜total;ab(σ)

[Stotal;ab,Stotal;cd] = iη[d|[aStotal;b]|c]
[Stotal;ab,Ptotal;c] = iPtotal;[aηb]|c
[Ptotal;a,Ptotal;b] = i 2rAdS2Stotal;ab
. (5.40)
The doubled AdS momenta is not a simple sum of the left and the right momenta,
because of the left moving AdS momentum and the right moving dS momentum. Although
the physical global AdS spacetime generators coincide with the left moving symmetry
generators, they are written in terms of the doubled coordinates so the T-duality symmetry
is manifest.
The total dS algebra is obtained vice versa as follows: The constraint ϕab = 0 in (5.37)
is instead
ϕ−;ab =
ˇˇΘ0;ab − ˇˇΘ1;ab = 0
[ϕ−;ab(1), ϕ−;cd(2)] = 4iη[d|[a|ϕ−;|b]|c]δ(2− 1) . (5.41)
The total dS momentum and Lornetz generators are
P˜dS;a′χa
a′ =
1
2
(P˜a + P˜a′χa
a′)− 1
2
φ−;a =
1
2
(φ+;a − φ−;a) = P˜a′χaa′ (5.42)
S˜dS;a′b′χa
a′χb
b′ =
1
2
(Θ0;ab +Θ1;ab)− 1
4
(ψab − ϕ−;ab) = −1
2
(S˜a′b′ + rAdS
2Σ˜a′b′)χa
a′χb
b′ .
The global dS algebra is generated by
PdS;a′ =
∫
dσ P˜ dS;a′(σ) , SdS;a′b′ =
∫
dσ S˜dS;a′b′(σ)

[SdS;a′b′ ,SdS;c′d′ ] = iη[d′|[a′SdS;b′]|c′]
[SdS;a′b′ ,PdS;c′] = iPdS;[a′ηb′]|c′
[PdS;a′ ,PdS;b′ ] = −i 2rAdS2SdS;a′b′
. (5.43)
Unphysical coordinates for doubled dimensions, Lorentz and its nondegenerate partner
can be gauged away by using local symmetries generated by the first class constraints.
These first class constraints commute with the covariant derivatives, so our dimensional
reduction procedure preserves the T-duality gauge symmetry manifestly.
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5.4.3 Comparison with the non-doubled AdS algebra
We also mention the relation between the AdS algebra in this paper and our previous AdS
algebra in [16, 5]. In the previous paper the AdS5×S5 space is described by the PSU(2,2|4)
coordinates. A half of doubled coordinates are gauged away, and only coordinates for the
physical total momentum and the physical total Lorentz symmetry are used. Gauge fixing
conditions and corresponding first class constraints are given:
Gauge fixing conditions xm
′ − xm = vmn = vm′n′ = umn′ = um′n′ + umn = 0
First class constraints φ−;a = ψab = ϕab = Sab = Sa′b′ = Sab′ = 0
Second class constraints vmn
′
= Σ˜ab
′
= 0 (5.44)
After the gauge fixing (5.44) the covariant derivatives become as in [5]{
Pa =
1
2
(
◦
∇P + JP )
Pa′ =
1
2
(
◦
∇P − JP )
⇒


[Pa, Pb] =
◦
∇S + JS + ∂σδ =
◦
⊲Σ + ∂σδ
[Pa, Pb′] =
◦
∇S =
◦
⊲S;ab′
[Pa′ , Pb′] =
◦
∇S − JS − ∂σδ =
◦
⊲Σ′ − ∂σδ
(5.45)
In the right hand sides of the first and third lines of the algebras the particle component
of the Lorentz covariant derivatives,
◦
∇S, are identified with
◦
⊲Σ and
◦
⊲Σ′, rather than
◦
⊲S
and
◦
⊲S′. It is because S and S ′ satisfy the opposite sign structure constant in the doubled
AdS algebra (5.7), so it cannot be equal consistently. This is the same reason that the
naive sum of momenta P˜ + P˜ ′ does not satisfy the AdS algebra globally in (5.40). Lorentz
generators are coset constraints
◦
⊲S =
◦
∇S = 0, so they are included in
◦
⊲Σ’s.
In the gauge (5.44) the covariant derivatives and the symmetry generators for the left
and right moving modes in the flat case as become
Covariant derivatives : S = −S ′ = Ξu 1i∂u
P = eu 1
i
∂x +
1
2
e−u∂σx , P ′ = eu 1i∂x − 12e−u∂σx
Σ = Σ′ = e−u∂σu = Ξu−1∂σu
Symmetry generators : S˜ = −S˜ ′ = Ξ−u 1i∂u + [x, 1i∂x]
P˜ = P ′e−u , P˜ ′ = Pe−u
Σ˜ = Σ˜′ = 0
(5.46)
Indices of generators and coordinates are abbreviated; The order of contraction of the in-
dices are also omitted as, eu 1
i
∂x = (∂x)
nunm. The left-invariant one form gives e
−iu·sdeiu·s =
Ξ−1u idu · s with u · s = 12umnsmn. The left and right modes of the Lorentz and Σ gen-
erators are not independent respectively. The left and right modes of the momentum
symmetry generators are not independent from the right and left modes of the momen-
tum covariant derivatives. In this gauge it is easy to see that the commutator of the left
and right AdS momenta gives the Lorentz generator which is nonzero [16, 5]. The super-
group PSU(2,2|4) as the AdS5×S5 group is a gauge fixed version of the fully manifestly
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T-duality formulation. Both the left and right AdS5×S5 groups do not exist; only one
kind of the momentum, Lorentz and no nondegenerate Lorentz partner exist. Although
the covariant derivative of SO(5,5)×SO(5,5) exists as in (5.46), it is not manifestly dou-
bled AdS covariant. Furthermore the gauge invariant superstring action in the AdS space
with manifestly T-duality requires the formulation without the gauge fixing.
6 Summary
We have proposed a manifestly T-dual formulation of group manifolds. Especially the
bosonic part of the AdS space with manifestly T-duality caused by the RR flux is examined
in detail. It is a doubled AdS space which is defined by the affine nondegenerate doubled
AdS algebra given by (5.18)-(5.23). Contrast to the flat case the left and right momenta
do not commute by the existence of the AdS curvature term. This mixing leads to that
the left and right momenta are in AdS and dS spaces respectively. We have found a
set of first class constraints (5.37) to reduce unphysical dimensions of the doubled AdS
space. This allows the manifest T-dual formulation without any gauge fixing such as dual
coordinate independence, ∂m = 0, on doubled space functions. Then the physical AdS
algebra is realized preserving whole doubled space coordinates to manifest T-duality.
The B field is extended in the nondegenerate doubled space, and it gives the Wess-
Zumino term for a string with the manifest T-duality. We have also shown that the
doubled space three formH = dB is at least locally universal for arbitrary group manifolds
with the same dimension.
The obtained doubled AdS space will be useful to clarify the structure of integrability
and the dual confromal symmetry which play important roles in AdS/CFT correspon-
dence. The supersymmetric extension and analysis of the ferminoic T-duality are impor-
tant issues which are the future problems. The doubled group manifold and AdS spaces
will have many applications.
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